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Abstract

In this paper we prove the existence of solution of coupled system of
guadratic hybrid functional integral equations. Our main result is based on the
standard tools of fixed point theory. The Existence and locally attractivity is
proved in R,
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I. Introduction

The fractional calculus is the more effective and powerful tool for the
Mathematical modeling of several engineering and scientific Phenomenon. For
instance they appear in the fluid dynamics or study of air modulation,
electromagnetism, electricity, or the control of nonlinear process. The combination of
fractional calculus and integral equations may introduce more effective tool for
analysis.

In the nonlinear analysis the dynamical systems represented by nonlinear
functional differential and integral equations are simplified by Perturbation
Techniques. Hybrid differential equations and hybrid integral equations are important
type of the perturbed differential and integral equations.

Hybrid fractional integral equations have also been studied by several
researchers. [VII, XII, XIX-XXV] contains results related to hybrid fractional
differential and integral equations. In order to achieve various goals, some researchers
have obtained the lot of useful and interesting coupled system of functional
differential and integral equations during the past few years. Major times hybrid fixed
point theory can be used for developing the existence theory for hybrid equations.
Recently, Su [XXXV] analyzed a two point boundary value problem corresponding
to a coupled system of fractional differential equations. Also Gafiychuk et al. [XIV]
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discussed the solutions of particular case, namely the coupled nonlinear fractional
reaction-diffusion equations.

Here we study the existence results for coupled system of quadratic hybrid
functional integral equations in Banach Algebras along with the locally attractivity.

Il. Statement of the problem:

Let{ € (0,1)Rdenote the real numbers whereas R, be the set of
nonnegative numbersi.e. R, =[0,0) c R
Consider the Coupled system of quadratic hybrid functional integral equations

1 rtg(ty(y@®)
x(t) =[q(t)+f(t,y(u(z:)))]r(of0 Et_(s)l_())ds‘v’te .‘R+]

1 (tgl(tx(y®)
y(®) = [q@® + ft, x(u®)))] F(()fo ((t—(s)l-i)) dsvte R,

Where ¢ € (0,1)and the functionsf(t,x) = f: R, XR >R, g: R, XR -

Ru,y: R, — R, , are continuous.

By a solution of system of CQHFIE (2.1) we mean a function (x,y) € BC(R,,R X
R)is the space of continuous and bounded real-valued functions defined onR ., such
that

i) The function

(2.1)

(o x(t)
q(®) + (¢t y(u®))

is continuous and bounded for each x € R

ii) (x, y)Satisfies the system of equations in (2.1)

Firstly we convert the CQHFIE (2.1) into an operator equation and then apply the
coupled fixed point theorem [XXXVII] in the Banach space.

This section is devoted to collecting some definitions and results which will be needed
further.

I11. Preliminaries:

Let X = BC(R.,,R)be Banach algebra with norm ||.|| and letQ be a subset
of X Let a mappingA : X — X be an operator and consider the following operator
equation in X, namely,

x(t) = (Ax)(Ht E R, 3.1
Definition 3.1[XXXVI, XXXVII]: An element (x,y) € X x X is called coupled
fixed point of amapping T: X X X - X ifT(x,y) = xand T(y,x) =y

Definition 3.2[XXI1X]: The solution x(t) of the equation (2.1) is said to be locally

attractive if there exists an closed ball B,.[0] inBC(R, ,R) such that for arbitrary
solutions x = x(t) and y = y(t) of equation (2.1) belonging to B,.[0] N Qsuchthat

lim (x(6) - y()) = 0 (3.2)
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Definition 3.3[XXIX]: Let X be a Banach space. A mapping A : X — Xis called
Lipschitz if there is a constanta > 0 such that|[Ax — Ay|| < a|lx — y|| forallx,y €
X Ifa < 1 then Ais called a contraction on X with the contraction constant a.
Definition 3.4: (Dugundji and Granas [XXIII]). An operator A on a Banach space X
into itself is called Compact if for any bounded subset S of X, A(S) is a relatively
compact subset of X. If A is continuous and compact, then it is called completely
continuous on X.

Let X be a Banach space with the norm ||.||land LetA : X — Xbe an operator (in
general nonlinear). Then A is called

1) Compact if A(X) is relatively compact subset of X;

2) Totally Compact if A(S)is a totally bounded subset of X for any bounded subset S
of X

3) Completely continuous if it is continuous and totally bounded operator on X.

It is clear that every compact operator is totally bounded but the converse need not be
true.

The solutions of (2.1) in the space BC(R .., R)of continuous and bounded real-valued
functions defined onR . . Define a standard supremum norm ||. || and a multiplication
“”in BC(R,,R)by||x|| = sup{|x(t)|:t € R, } 3.3)

(xy)(@) = x()y(t) teER, (3.4)

Clearly, BC(R, ,R)becomes a Banach space with respect to the above norm and the
multiplication in it. By £L1( R, R) we denote the space of Lebesgue-integrable
functions on R, with the norm||. || ;= defined by

I xllg2 = [y lx(®)]de (3.5)

Denote by L( a,b)be the space of Lebesgue-integrable functions on the interval
(a,b), which is equipped with the standard norm. Let x € L(a,b) and let § > 0 be a
fixed number.

Definition 3.5[XVII11]: The Riemann-Liouville fractional integral of order Sof the
function x(t) is defined by the formula:

x(s)

1 t
F(ﬁ)fo (t—s)*F
Where I'(B) denote the gamma function.

Bx(t) = ds te(ab) (3.6)

It may be shown that the fractional integral operator I# transforms the space
L1(a, b) into itself and has some other properties (see [12-19])

Definition 3.6: A set AC [a,b] is said to be measurable if m”"A = m,A . In this case
we define mA, the measureof AasmA=m"A =m,A

If A;and A, are measurable subsets of [a,b] then their union and their intersection is
also measurable.

Clearly every open or closed set in R is measurable.

Definition 3.7: Let f be a function defined on [a,b].Then f is measurable function if
for each @ € R, theset { x: f(x) > a} is measurable set .

i.e. f is measurable function if for every real number athe inverse image of (a, ) is
an open set
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As (a, ) is an open set and if f is continuous, then inverse image under of (a , ©)is
open. Open sets being measurable, hence every continuous function is measurable.
Definition 3.8: A sequence of functions { f, }is said to converge uniformly on an
interval [a, b] to a function f if for any € > 0 and for all x € [a, b] there exists an
integer N (dependent only on € ) such that for all x € [a, b]

Ifn() —f(x)|<e Vn=N
Definition 3.9: The Family F is equicontinuous at a point x, € X if for every € >
0 there exists § > 0 such that d(f(xg),f(x)) <efor all f € Fand all x such
that d (xy,x) < 4.
The family is point-wise equicontinuous if it is equicontinuous at each point of X.
The family is uniformly equicontinuous if for every & > 0 there exists § > 0 a such
that d(f (x1), f(x2)) < eforall f € Fand all x; ,x, € X suchthat d(x;,x;) <94.
Definition 3.10: LetX = C(R ., R)equipped with the supremum norm. Clearly it is a
Banach space with respect to pointwise operations and the supremum norm.
Define scalar multiplication and a sum on X x X as follows:

(x1,¥1) + (x2,¥2) = (X1 + x2,51 + ¥2)

and 8(x,y) = (0x,0y)for6 € R. ThenX X X is a vector space onR.

Lemma 3.1[XXXVII]: LetS be a non -empty, convex, closed and bounded subset of
the Banach space X and let S = S X Ssuppose that A,C: X —» X and B:S — X are
three operators satisfying:

a) A ,C are Contraction with a Contraction constant a, 8 < 1,

b) B is completely continuous, and

) x=Ax.By+CxeSforallx,yeS

d) éM +n < 1where M = ||B(s)|| = sup{||Bx||: x € S}
Then the operator equation T(x,y) == Ax.By + Cxhas at least a coupled fixed
point solution inS.

Lemma 3.2[XXXVI, XXXVII]: LetX = X x X. Define ||(x, Y| = lIx|| + llyll
Then X is Banach space with respect to the above norm.
Lemma 3.3 [XXI]: Letq > Oandx € C(0,T) n £L(0, T) then we have

n .
Iqﬁx(t) () — (1" 9x) (=1 (0) i
dtd L T@q—j+D

Wheren — 1< q < n.

Now we introduce a coupled fixed point theorem which is generalization of lemma
(3.1) .We use the following fixed point theorem for proving existence the solution of
the system of CQHFIE (2.1) under certain Caratheodory condition.

Theorem 3.1 [XXXVI,XXXVII]: LetS be a non-empty, convex, closed and bounded
subset of the Banach space X and S=8xS,let A:X - X and B:S — X are two
operators satisfying:

a) A is Lipschitzian with a Lipschitz constant «,
b) B is completely continuous, and
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c) x=Ax.By€eS,x e Sforallyes

d) &M < 1where M = ||B(s)|| = sup{||Bx||: x € S}
Then the operator equation T(x,y) = Ax.Byhas at least a coupled fixed point
solution inS.

Theorem 3.2: (Arzela-Ascoli theorem (XI1)): Every uniformly bounded and equi-
continuous sequence { f,, } of functions in C(J, R), has a convergent subsequence.
Theorem 3.3[XII]: A metric space X is compact iff every sequence in X has a
convergent subsequence.

IVV. Existence results

Definition 4.1[X1I]: A mapping g: R, X R — Ris said to be Caratheodory if
1. t - g(t,x)is measurable for all x € R , and
2. x = g(t,x) is continuous almost everywhere for t € R,
Again a caratheodory function g is called £1-Caratheodory if
3. for each real number r > 0 there exists a function h, € L*(R,,R) such that

lg(t,x)| < h.(t)ae. teR, forall x € Rwith|x| <r
Finally, a Caratheodory function g(t, x) is called£} — Caratheodory if
4. there exist a function h € L1(R,,R) suchthat |g(t,x)| < h(t)
ae.teR, forallx eR
For convenience, the function h is referred to as a bound function ofg.

We consider the coupled nonlinear hybrid Functional integral equation (2.1)

assuming that the following hypothesis are satisfied.

(Hy) ,v:R, — R, ,are continuous and q(t) : R, — R suchthat Q = sup |q(t)|
teR,

(H,)The function f;(t,x) : Ry X R — R is continuous and bounded with bound

F = sup |f;(t,x)|there exists a bounded function [ : R, — R, with bound L
m)eﬂz,, XR
Satisfying  |f;(t,x) = f;(t, )| < L | x(t) —y(t)|t € R, forallx,y € R

(H,)The functionsg;: R, X R — Rsatisfy caratheodory condition (i.e.measrable in t
for allx € Rand continuous in x for allt € R,) and there exist function m; €
LY(R,,R) Suchthatg;(t,x) <m, (O)V(t,x) ER,; X R

(H3)The uniform continuous function v: R, — R, defined by the formulas

mq (s)
(t)—j Gy s,

is bounded on R, and vanishat infinity, that is llm v(t) =0

Remark 4.1: Note that if the hypothesis(H,)hold, then there exist constants K; > 0
and such that:
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K 1 £ omy(s) d

= su s

LTEET@ )y -9

Theorem 4.1: Suppose that the hypotheses [ (H;)-(Hs)] are hold. Furthermore
if(|lal|K;) < 1where K; are defined remark (4.1), Then the equation (2.1) has a
solution in the space BC(R, ,R).Moreover, solutions of the equation (2.1) are locally

attractive onR . .

Proof: Let X = BC(R, ,R)be Banach Algebras of all continuous and bounded real
valued function on R, with the norm||x|| = sup [x(0)]

te R,
We show that existence of solution for (2.1) under some suitable conditions on the
functions involved in (2.1).
SetX = C(R,,R) and a Closed subset B,.[0] of Xcentered at origin 0 and of radius r,
defined by

B [0] = {x € X |llx]l =7},

TS
where [||Q|| + IIFII]IImlllm =r>0

Clearly S = B,.[0] be a non -empty, convex, closed and bounded subset of the Banach
space X.
Define two operators A: X — XandB: B,.[0] = X by

Ax(t) = [q®) + fEt,X(M(t))))] (4.2)
1 (tgltx(y@®)
Bx(t) = F(()fo =)= ds (4.3)

So the system (2.1) transformed into the system of operator equations as
x(t) = cfly(t)By(t)}

y(t) = Ax(t)Bx(t)
It is sufficient to prove A(x,y) B(x,y) = (x,y) has at least one solution, because
(T(x,y), T(y,x)) = (AxBy, AyBx)

= (Ax, Ay ) (By, Bx)

=A,y) B, x)

=) (44)
Which implies that T (x, y)has at least one coupled fixed point.

ThereforecA,Bdefine the operators A,B: B,.[0] — X.

we wish to show that A,Bsatisfy all the requirements of theorem (3.1) on B,.[0].

Step I: Firstly, we show that A is Lipschitz on .Letx, y € X be arbitrary, and then by
hypothesis(H;), we get

t €R,,

|Ax(£) — Ay ()| = |q(®) + £ (& x(1(®)) — (q(©) + f (& y(u(®©)))|

= |f &, x(u@®) = (& y(r®)]
< l||x —yl|lforallt € R,
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Taking supremum over t
|Ax — Ayl|| < L||x — y|lforall x,y € X (4.5)

This shows that <A is Lipschitzian onX with the Lipschitz constant L.

Step Il: Secondly, To Prove the operatorB is completely continuous operator (B is
compact and continuous operator) onB,[0].

Case 1) Firstly we show that B is continuous on B,.[0].

Let by dominated convergence theorem, let {x,,} be a sequence in S such that {x,,} -
x.Then,

(tx.(r(®))
C—sn? =

lim,,_,,, Bx,,(t) = lim,,_,, F(Z).[

tg t, X(y(t))
F(()f (t—s)t=¢

= Bx(t), VteER,
This shows that Bx,, converges toBx pointwise inS.
Next to show that sequence {Bx,,} is equicontinuous sequence inS.
Let t;,t, € R be arbitrary with t; < t, then
t2 g (s xa(¥(5)) )
F(( I (PR R

trg tl:xn(y(s)))
F(O (t; — )¢
1

ty
< 0 fo (t, —s) g (tz,xn(y(s)) ds - fo (t; —s)’1g (tl,xn(y(s))) ds

|an (tz) - an (tl) |

1 t2 t;
+ 1"(() L (tl - S)z_lg (tll xn()/(s))) dS - J;) (tl - S)z_lg (tl,xn(y(s))) ds
1 t2 ty
< —— — ¢-1 d — _ J-1 d
t, c t; .
I _ -1 ds — _ -1 d
s [ [ - 9 mas
< ”mlllLl{ jtz[(tz _ S)C'—l (- S){_l]ds N tz(t1 ~ S)(—lds }
T ]
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_ lmalls {

[(tz —s)¢ ] [(t —s)¢ ] [(t1 - s)i]
ST . .

< ||m1||L1{ [(tz — )¢ — (t; — 0)5] - [(t1 — )¢ — (t; — 0)(”}
¢r(g) +|(tr = 2)° = (¢t — t1)°|

llmal e
TIr¢+1)

{|(t1)z — ()¢ —(ty — tz)zl + |(t1 - t2)<|}

—>0asty > t,,VneEN

This shows that the convergence is uniform, by using property of uniform
convergence that is uniform convergence imply continuity.

Hence B is continuous on B,.[0].

Case Il): To show B is compact operator on B,.[0], for this to show that B is
uniformly bounded and equicontinuous in B,.[0].
First we show that B is uniformly bounded. Let x € S be arbitrary then

tg(tx(r())
520 = |75 | S ()ds

|9 (£ x(v(s))|
r(c>f O

1 Lomy(s)

T )y t-9 2™

r(() rg @

Taking supremum over t, we obtain

v(t)
I1Bxll < —
')
Hence Bis uniformly bounded subset of B,[0].
Now to show B is equicontinuous on B,.[0].

Lett;,t, € R,, then

= Kl,Vt € :R+

[
1
o f (62 ~ ) "g (£ x(y(s)) ) ds -
[Bx(t;) — Bx(t)| =

r(()f (6 =) g (61 2(r() ) s
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(tz — )¢t (t2 x(y(s)) ds —f (t; —s)$1 (t1 x(y(s))) ds

1 t2 ty
) UO (t, = )51g (t, x(v(s)) ) ds - fo (t = )1 g (£, x(y())) ds
Z(tz —5)"'my(s)ds — Z(tl — )5~ 1m, (s)ds

0

tz(t1 — )67 tmy (s)ds — ftl(tl — )57 my (s)ds

1
<
RO

< ”’;l&”)“{ j [(t, — )51 = (t, — $)°~1]ds| + f (t, — 5)5~1ds }
||m1||1;1{ [(tz — s)f] [m — s)f] (t; — s)f] }

RXG) . .
||m1||L1 { (b, — )¢ — (2 — 0)(] - [(t1 — )¢ — (ty — 0)6”}
=T +(t — )¢ = (t — )]

< r”g;”% {1(e% = @) = (6 = )] + (s — )7}

- 0ast; = t,.

Implies thatB is equicontinuous.Hence B is compact subset of B,[0].

Implies that B is completely continuous on B,.[0].

Therefore, it follows from Arzela-Ascoli theoremB is completely continuous
on B,[0].

Step I11: Next we show that x(t) = Ax.By € B,[0] forall x,y € B,.[0] is arbitrary,
then

lx(®)| = [Ay(®).By(t)| < Icﬂy(t)l |By (t)]

y(r(s)
< |q(t) + f(t y(ﬂ(t))l ‘F(()f (t _E‘)l f)) ds

<101+ | £t y(a(®)|] [F(Z)f |9(t ygf )())|d5‘

<110+ IF1] [r(z)of(t—sy-f |m1(t)|d5‘
TS
< el + IF iyl 5 =

B. D. Karande et al

251



J. Mech. Cont.& Math. Sci., Vol.-15, No.-9, September (2020) pp 243-255

Taking the supremum over t, we obtain || AyBy I<r forall x,y € B,[0]
Hence hypothesis (c) of Theorem (3.1) holds.

Also we have M =|| B(B,[0]) ll=sup{ll Bx II: x € B,.[0]

= sup{ sup {r(g)] - x(y(t))) ds x € Br[O]}

— 1-¢
e (t—1s)

my(s)

= sup{sup {F(().f =51 ds x € Br[O]}

=0
v(t)

< sup sup oS <K;

o (&0

we have LM = (LK;) < 1

Now applying theorem gives that operator T(x,y) = Ax.By has at least a coupled
fixed point, which implies (2.1) has a solution onR ..

Step IV: Now for the local attractivity of the solutions for (2.1), let’s assume that x
and y be any two solutions of the (2.1) in B,.[0] deflned onR, . Then we have,

t x(y(®)
@~y = |[40 + 7 (6x(1®)] 77 f ()1 ())ds
tg (ty(r®
[CI(t) +f(t X(‘u.(t))] F(Z)f (t E)l {)) ds‘
tg (tx(r@®
lx(@) -yl < (& x(u(t))r(@f (t—()l 5)) ds| +

tg (ty(r®)
‘f(t YO 5 | e z)ds

1 tg(tx(y(®)
(6 = (@O < |f (&, x(n(®))] ‘F(O f G _(5)1—5)) ds| +

(£y(r@))
F(()j (t—s)t¢

£ (&, y(u(®)]

x(y(t)))| ds +

— )¢

9
lx(t) —y(t)| < |f(t X(ll(t))| F(O-[ |

|f(t Y(ﬂ(t))l F(()f |g y();i )())| ds
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1 t my(s) 1 t my(s)
0 =y01 < s | GG+ Wl | G
(@) — () < znw%

For allt € R, .Since and%im v(t) = 0 this gives that lim sup|x(t) — y(t)| = 0. Thus
the (2 .1) has a solution and all the solutions are locally attractive onR
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